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Surveysampling:

Finitepopulationisafixed,mammothparameter

Samplerdoesadancearoundit:picksthis,omitsthat,introducingrandomness

Surveydesignandinference–thestudyofthatdance

Mainbranchesofstatistics:

Dataisarealizationofrandomvariables

Statisticianmakesinferenceaboutprobabilitylawsoftheserandomvariables
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FinitepopulationU={1,2,...,N}

Studyvariabley:{y1,y2,...,yN},

Parameterofapopulation,forexample,totalty=∑N
k=1yk,fixed,unknown

Samplei⊂UsizendrawnaccordingtoSRSandSRWdesigns:

t̂y=
N

n

∑

k∈i

yk

VarSRS(t̂y)=N
2(

1−
n

N

)s
2

n
,VarSRW(t̂y)=N

2s
2

n

Theydiffermuchif
n
N=

1
2

Conditionalityprincipleusedofteninstatisticalinference:

statisticalinferenceismadeconditionally
onobservedrandomvariableswhoseprobabilitydistributionisknown
andnotdependentonparametersaboutwhichwemustmakeinferences.

Samplingvarianceisapropertyofprocessofselectingthesampleand
notoftheoutcomeofthatprocess.

Somethingiswrongwiththisprincipleinsurveysampling!
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Nothingisfixedintheworld.

Whatstatisticalmodelcandescribetheprocess
whichhasgeneratedthefinitepopulation?

Otherstatisticiansareinterestedinestimatingtheparametersofthemodel

Forthesurveystatisticianwhenthemodelischoosen
estimationofmodelparametersplayssomeassistantroleforthemaintask:

tomakeinferenceabouttherealizedfinitepopulationitself.
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Model-basedapproaches:

•Bayesianpredictiontechniques(theposteriordistributionoftyiscalculatedwhenyk,
k∈iaregiven)Bolfarineandzacks,1992;Ericson,Ghosh,Pfeferman,Royal

•Fiducialinference(palyginamojianalizė),KalbfleischandSprott,1992

•Likelihoodprediction,Bjornstadt,Royall

•Predictionbasedongenerallinearmodels.Valliant,Dorfman,Royall,2000;Cham-
bers

Randomisationisdesirablebutnotnecessarynorsufficientforstatisticalinference.

Validinferencecanbedonewithandwithoutit,andwhenrandomisationispresent,it
doesotnecessarycreatesthebestprobabilisticapproachforinference.

Question:wetherinferencesshouldbebasedondistributionscreatedbyrandomization
oronprobabilitymodelsariseswheninterpretingdatafrom

•designedexperiments

•clinicaltrials

•obsevationalstudies
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PredictionTheoryandtheGeneralLinearModel

FinitepopulationU={1,2,...,N}

Thepopulationvectorofvaluesofthevariabley:y=(y1,...,yN)′,

ItistreatedasrealizationoftherandomvectorY=(Y1,...,YN)′

Thegoal–toestimatealinearcombinationofy′s:

γ
′
Y,γ=(γ1,...,γN)

′
–vectorofconstants

Separatecases:

γ=(1,...,1)′=⇒γ′y=typopulationtotal

γ=(
1
N,...,

1
N)′=⇒γ′y=µypopulationmean
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Anysamplei⊂U

Leticonsistsofthefirstnpopulationelements.Then:

Y=(Yi,YU\i)
′

y=(yi,yU\i)
′

γ=(γi,γU\i)
′

Estimationtargetγ′y=γ′
iyi+γ′

U\iyU\i

isarealizationofγ′Y=γ′
iYi+γ′

U\iYU\i

Estimationofγ′Y⇐⇒predictionofγ′
U\iYU\i.

Theterm"prediction"isusedinthesenseofmakingstatisticalguessaboutthevalues

ofYkwhichwehavenotseen–notinthesenseofforecastingthefuturevalues.

6



Def.1.Alinearestimatorofθ=γ′Yisdefinedasθ̂=w′
iYi,

wi=(w1,...,wn)′–vectorofcoefficients.

Def.2.Theestimationerrorofanestimatorθ̂=w′
iYiis

θ̂−θ=w
′
iY

′
i−γ

′
Y.

Def.3.GenerallinearmodelMforY:

EM(Y)=Xβ,(1)
VarM(Y)=V,(2)

X=(X
(1)

,...,X
(J)

)–matrixofauxiliaryvariables,

β–vectorofunknownparameters,

V–positivedefinitevariance-covariancematrixofY.

Def.4.Theestimatorθ̂isunbiasedforθunderamodelMifEM(θ̂−θ)=0.

Def.5.Theerrorvarianceofθ̂underamodelMisVarM(θ̂)=EM(θ̂−θ)
2
.

Def.6.Alinearmodelunbiasedestimatorθ̂ofθwhichminimizestheerrorvariance
VarM(θ̂)iscalledbestlinearunbiasedpredictor(BLU)ofθ.

It’sexpressionanderrorvarianceisknown.
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WhenXarequantitativevariablestheestimatorβ̂forβwhichgivesBLUpredictorofθ,
istheleastsquaresestimator.

Letγ=(1,...,1)′:γ′y=γ′y
i+γ′

U\iyU\i.

isequivavlentto

ty=
∑

k∈i

yk+
∑

k∈U\i

yk.

Estimatingγ′y=ty⇐⇒predictingvalue∑
k∈U\iykofunobservedrandomvariable ∑

k∈U\iYk

TakingvariousmatricesofauxiliaryvariablesX,matricesVandvectoesβweobtain
BLUpredictorscoincidingwiththeestimatorsoftotalsknowninthedesign-basedtheory:

expansionestimator,

linearregressionestimator,

stratifiedexpansionestimator,

.........

Valliant,R,DorfmanA.H.,andRoyallR.M.(2000)FinitePopulationsamplingandInfe-
rence.ApredictionApproach.JohnWiley&Sons
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Predictiontheoryunderthenonlinearmodel

R.Valliant,JASA,1985

Nonlinearmodel:

EM(Yk)=f(Xk;ψ),k=1,...,N(3)
VarM(Y)=V,(4)

ψ–vectorofJunknowncoefficients,modelparameter,

f(·;·)–nonlinearfunction,hasatleast3partialderivativeswithrespecttoψ.

Remark:ifmodelissuchthat

Y1,...,YNareindependentrandomvariables=⇒

Visdiagonal=⇒

VarM(Yk)isonlyneededforitin(4).
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Populationtotal

ty=

N∑

k=1

yk=
∑

k∈i

yk+
∑

k∈U\i

yk.

Whenψisknown,theBLUestimatoroftyisobtainedbyadding∑
k∈iykwithBLUpre-

dictorof∑
k∈U\iyk.

Whenψisnotknown–itsestimatorisinsertedintoBLUpredictorof∑
k∈U\iyk.

t̂ybecomesbiased.

Valliant:Ifasymptoticallynormalandconsistentestimatorofthemodelparameters
ψisavailable

1)Estimatort̂yisconsistent

2)Expressionsfor

ABias(t̂y)≈EM(t̂y−ty),

AVar(t̂y)≈VarM(t̂y−ty).

areobtained

3)ConsistentestimatorofVarM(t̂y)constructedthroughtheconsistentestimatorofψ.
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Modelsforstudyvariablewithpositivevaluesandmanyzeroes

Letusconsiderastudyvariabley,valuesofwhichhavetheproperies:

yk

{=0or
>0,k=1,...,N

⇒Var(y)large⇒Var(t̂y)large.

Examples:

Areaundersomekindofcropinthefarm,whichisnotgrownupoften(rape),

Investmentofenterpriseforanenvironmentalprotection

Design-basedestimatorsarenotuseful

Model-assistedestimatorsarenotuseful–therearenoauxiliaryvariablescorrelated

withthestudyvariablebecausezerovaluescannotbeknowninadvance.
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Model-basedestimator

U∗–superpopulationoramodelfory,U–itsrandomrealization,

yk,k=1,2,...,N,ty–randomvariables

ty=
∑

k∈i

yk+
∑

k∈U\i

yk,t̂y=
∑

k∈i

yk+
∑

k∈U\i

ŷk

Nonlinearpredictionŷk=?

1.F.Kalberg,JournalofOfficialStatistics,2000

Yk=ξkỸk,Ỹk=x
′
kβ+εk,εk∼N(0,σ

2
)

ξk=

{1,pk,

0,1−pk,
⇒β̂,σ̂,p̂k⇒ŷk=ÊMYk
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Econometricmodels

2.CensoredregressionorTobitmodelforastudyvariabley.

Letthereareunobservedrandomvariables

Y
∗
k=x

′
kβ+εk,εk∼N(0,σ

2
),k=1,2,...,N

εk,εlindependentfork6=l.

Definerandomvariables

Yk=

{Y∗
k,ifY∗

k>0,

0,ifY∗
k≤0,k=1,2,...,N

W.H.Greene.EconometricAnalysis.PrenticeHall,UpperSaddleRiver,2003.

EM(Yk)=f(xk;ψ)=x
′
kβΦ

(x′
kβ

σ

)
+σφ

(x′
kβ

σ

)
,Φ,φ∼N(0,1)

Ifxk=(1,xk)′:
ψ=(σ,α0,α1),α0=β0/σ,α1=β1/σ.

VarM(Yk)=σ
2
Φ(α0+α1xk)gk(α0,α1),k=1,...,N
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T.Amemiya,Econometrica,1973.

Maximumlikelihoodestimatorsσ̂,α̂0,α̂1oftobitmodelparametersσ,α0,α1arecon-
sistentandasymptoticallynormal.

Weestimate

ŷ
(tobit)
k=ÊMYk=x

′
kβ̂Φ

(x′
kβ̂

σ̂

)
+σφ

(x′
kβ̂

σ̂

)
,

t̂
(tobit)
y=

∑

k∈i

yk+
∑

k∈U\i

ŷ
(tobit)
k

UsingresultsofValliantweobtainexpressionsfor

ABias(t̂
(tobit)
y)

AVar(t̂
(tobit)
y)

V̂ar(t̂
(tobit)
y)

SASprocedureLIFEREG:β̂,σ̂.
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Thedecisionscanbeseparated:

tohavepositivevaluesofYkornottohave?

howbigwillbeYkif"yes"?

3.Censoredregressionmodelwiththeunobservedstochasticthreshold(Heckman
model)

MaddalaG.S.Limited-dependentandqualitativevariablesineconometrics.Cambridge
UniversityPress,1983.

Twounobservedrandomvariables:

Y
∗
k=x

(1)′
kβ

(1)
+εk,(5)

Z
∗
k=x

(2)′
kβ

(2)
+uk,(6)

(
εk

uk

)
∼N

((
0
0

)
,

(
σ

2
εσεu

σεu1

))

Ik=

{1,ifZ∗
k>0,

0otherwise.
Yk=

{Y?
k,ifIk=1,

0otherwise.

Ifbothequationsin(5)coinside=⇒Heckman≡Tobit.
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EM(Yk)=f
(
x

(1)
k,x

(2)
k;β

(1)
,β

(2)
k

)
=Φ

(
x

(2)′
kβ

(2))
(

x
(1)′
kβ

(1)
+σεu

φ(x
(2)′
kβ

(2)
)

Φ(x
(2)′
kβ

(2)
)

)

Estimationofthemodelparameters

ŷ
(Heckman)
k=ÊM(YK),t̂

(Heckman)
y=

∑

k∈i

yk+
∑

k∈U\i

ŷ
(Heckman)
k

Othergeneralizationsofnonlinearmodel(3),(4)whenresidualsarenotnormalydistribu-
ted–skewdistributionsineconomics.



Simulation

N=1000sizefiniteopulationgenerated

xk=(1,xk)′,xk∼N(µ,q
2
),εk∼N(0,σ

2
)

Y
∗
k=β0+β1xk+εk⇒Yk

M=1000replicates:

Simplerandomsampleofsizen

Estimates:design-basedandtobitmodel-based

t̂
(SRS)
y=

N

n

∑

k∈i

ykt̂
(tobit)
y=

∑

k∈i

yk+
∑

k∈U\i

ŷ
(tobit)
k

ŷ
(tobit)
k=f(xk;σ̂,β̂0,β̂1),k∈U\i
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Notations:η̂mandV̂ar(η̂m)–replicatesoftheestimatesη̂:

η̂=t̂
(SRS)
yorη̂=t̂

(tobit)
y

¯̂η=
1

M

M∑

m=1

η̂m,

B̂iasemp(η̂)=¯̂η−t,B̂ias(η̂)=

{1
M

∑M
m=1B̂ias(η̂m)forη̂=t̂

(tobit),

0forη̂=t̂
(SRS)

,

V̂aremp(η̂)=
1

M−1

M∑

m=1

(η̂m−¯̂η)2
,V̂ar(η̂)=

1
M

∑M
m=1V̂ar(η̂m),

M̂SEemp(η̂)=B̂iasemp(η̂)
2
+V̂aremp(η̂)M̂SE(η̂)=B̂ias(η̂)

2
+V̂ar(η̂);

RMSEemp(η̂)=

√
M̂SEemp(η̂)

t
,RMSE(η̂)=

√
M̂SE(η̂)

t.

Investigated:

DependenceofRMSEonn,σ,percentageofzeroesinthepopulation.
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Fig.1.Population

xk=(1,xk)′,xk∼N(3.49,1.56),εk∼N(0,0.8),β=(−2.42,1.1),20%
zeroes

Y
∗
k=−2.42+1.1xk+εk⇒Yk
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Fig.2.Dependenceoft¯̂t(SRS)
y(left)and¯̂t(tobit)

y(right)onthesamplesizen
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Fig.3.DependenceofRMSE(t̂y)onthesamplesizen
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Fig.4.Dependenceofσ̂
2
,β̂0,β̂1onthesamplesizen
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Fig.5.DependenceofRMSE(t̂y)onthevarianceoferrorσ(σ↑⇒β0↑)
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Fig.6.DependenceofRMSE(t̂y)onthepercentageofzerosinthepopulation

(zeroes↑⇒µ↓)
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Fig.7.ThecasewhenRMSE(t̂
(tobit)
y)>RMSE(t̂SRS

y)

xk=(1,xk)′,xk∼N(1,2),εk∼N(0,6),β=(0.5,0.3),45%zeroes

y
∗
k=0.5+0.3xk+εk⇒yk
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Conclusions

Forsmallsamplesize(n=10)averageRMSEandempiricalRMSEofmodel-based
estimatorcandiffermuch.

Theefficiencyofthemodel-basedestimatordoesnotshowhereanydependenceonthe
samplesizeorpercentageofzeroesinthepopulation.

Theefficiencyofthemodel-basedestimatordependsonthevarianceoftheerrorσ.
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