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Finite population U = {u1, u2, . . . , uN}.

Unknown population total of y:

ty =

N∑

k=1

yk

Horvitz-Thompson estimator

t̂y =
∑

k∈s

yk

πk

=
∑

k∈s

dkyk

πk = P(k ∈ s), k = 1, . . . , N – inclusion probability of the element k ∈ U,

dk = 1/πk, k ∈ U – design weights.
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There are many survey variables in a real survey

y(1), . . . , y(q).

In practice:

the same auxiliaries are being used for all variables,

the same weights for all variables.

Example.

Lithuanian survey on wages and salaries. The estimates of differ-

ent totals can be more accurate, when using different auxiliaries

for different variables compare to the case all for all.

3



q study variables y(1), . . . , y(q)

J auxiliary variables

Population element q study variables J auxiliary variables

u1 → y
(1)
1 , . . . , y

(q)
1 a1 = (a11, . . . , a1J)

′

u2 → y
(1)
2 , . . . , y

(q)
2 a2 = (a21, . . . , a2J)

′
. . . . . . . . .

uN → y
(1)
N , . . . , y

(q)
N aN = (aN1, . . . , aNJ)

′

totals t
(i)
y =

∑N
k=1 y

(i)
k ta =

∑N
k=1 ak

4



Problems

1. How to chose the auxiliary variables? (2J different choices

for each y(i))

2. How to define a regression estimator of

the ratio?

the population variance?

the population covariance?
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Calibrated estimator of the total ty (Deville and Särndal (1992)):

t̂w =
∑

k∈s

wk yk

a) using weights wk the known total ta is estimated without

error:

t̂a =
∑

k∈s

wk ak = ta,

b) the distance between the weights dk and weights wk is

minimal according to the loss function L.
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Examples of distance functions

L1 =
∑

k∈s

(wk − dk)
2

dkqk
,

L2 =
∑

k∈s

wk

qk
log

wk

dk
− 1

qk
(wk − dk) , L3 =

∑

k∈s

2
(
√

wk −
√

dk)
2

qk
,

L4 =
∑

k∈s

−dk

qk
log

wk

dk
+

1

qk
(wk − dk) , L5 =

∑

k∈s

(wk − dk)
2

wkqk
,

L6 =
∑

k∈s

1

qk

(
wk

dk
− 1

)2

, L7 =
∑

k∈s

1

qk

(√
wk√
dk

− 1

)2

.

qk, k = 1, . . . , N, – free additional weights
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GREG estimator

L1 =
∑

k∈s

(wk − dk)
2

dkqk

GREG (calibrated) estimator of the total:

t̂w =
∑

k∈s

wk yk = t̂y + (ta − t̂a)
′
( ∑

k∈s

dkqkaka
′
k

)−1 ∑

k∈s

akqkdkyk

Example 1. If J = 1, (ak = ak) and qk = 1/ak, then

t̂w =
t̂y
t̂a

ta, t̂a =
∑

k∈s dkak, ta =
∑N

k=1 ak,

t̂w – ratio estimator.
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Example 2. If J = 2, ak = (1, ak)
′ and qk = 1, we have

t̂w – standard regression estimator.

t̂w = t̂y reg = t̂y + B̂(ta − t̂a),

It the case of simple random sample (πk = n
N ):

B̂ =

∑
i∈s(yi − ȳ)(ai − ā)
∑

i∈s(ai − ā)2
=

ŝay

ŝ2a
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Example. Estimation of the ratio of two totals.

Two study variables

y → {y1, y2, . . . , yN}

z → {z1, z2, . . . , zN}

ty =
N∑

k=1

yk, tz =
N∑

k=1

zk.

Two auxiliaries with known values

a → {a1, a2, . . . , aN} ta =
∑N

k=1 ak

b → {b1, b2, . . . , bN} tb =
∑N

k=1 bk
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Parameter

θ = R =

∑N
k=1 yk∑N
k=1 zk

Estimator

R̂w =

∑
k∈s w

(1)
k yk

∑
k∈s w

(2)
k zk
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Calibration equation (nonlinear):

∑
k∈s w

(1)
k ak

∑
k∈s w

(2)
k bk

=

∑N
k=1 ak∑N
k=1 bk

= R0

Loss function

L = α
∑

k∈s

(w
(1)
k − dk)

2

dk qk
+ (1 − α)

∑

k∈s

(w
(2)
k − dk)

2

dk qk
.

qk – free additional weights
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Proposition. The weights w
(1)
k , w

(2)
k , k ∈ s, of the calibrated

estimator R̂w which satisfy (nonlinear) calibration equation and

minimize L are given by

w
(1)
k = dk

(
1− (1 − α)

∑
k∈s dk(ak − R0bk)

(1 − α)
∑

k∈s dkqka2
k + αR2

0

∑
k∈s dkqkb2k

qkak

)
, k ∈ s.

w
(2)
k = dk

(
1+

α
∑

k∈s dk(ak − R0bk)

(1 − α)
∑

k∈s dkqka2
k + R2

0α
∑

k∈s dkqkb2k
R0qkbk

)
, k ∈ s.

Here α is

α =

√∑
k∈s dkqka2

k√∑
k∈s dkqkR2

0b2k +
√∑

k∈s dkqka2
k
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Comments.

1. The approximate variance is calculated and estimator of the

variance of R̂w is constructed.

2. It is not easy to compare analytically R̂w with the estimator

when regression (calibrated) estimators are used in the nominator

and denominator, even in the case of simple random sample.

3. The explicit solution also exists in the case loss function

L6 = α
∑

k∈s

1

qk

(
w

(1)
k

dk
− 1

)2

+ (1 − α)
∑

k∈s

1

qk

(
w

(2)
k

dk
− 1

)2
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Comparison of approximate variances

(Krapavickaitė & Plikusas (2005))

The approximate variance of the calibrated estimator of the ratio

is not larger than approximate variance of the straight estimator

of the ratio for SRS and α = 1/2:

AV ar(R̂w) ≤ AV ar(R̂) .

R̂ =

∑
k∈s dk yk∑
k∈s dk zk
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Ratio estimator of the ratio

R̂(rat) =
(t̂y/t̂a) ta

(t̂z/t̂b) tb

Approximate variance of the calibrated estimator of the ratio is

not larger than approximate variance of the ratio estimator of

the ratio for SRS and α = 1/2:

AV ar(R̂w) ≤ AV ar(R̂(rat)) .
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Preliminary simulation results show, that the calibrated estimator

of the ratio have smaller MSE compare to the estimator when

regression estimators are taken in nominator and denominator.

The best gain is in the case

ρ(y, z) = 0.1 ρ(y, a) = 0.8 ρ(z, b) = 0.8 ρ(a, b) = 0.1
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Estimation of the population covariance

Cov(y, z) =
1

N − 1

N∑

k=1

(
yk − 1

N

N∑

k=1

yk

)(
zk − 1

N

N∑

k=1

zk

)
.

Standard estimator

Ĉov(y, z) =
1

N − 1

∑

k∈s

dk

(
yk − 1

N

∑

k∈s

dkyk

)(
zk − 1

N

∑

k∈s

dkzk

)
.
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Auxiliary variables a and b

{a1, a2, . . . , aN}

{b1, b2, . . . , bN}

Covariance between a and b: Cov(a, b)

The calibrated estimator

Ĉovw(y, z) =
1

N − 1

∑

k∈s

wk

(
yk − 1

N

∑

k∈s

wkyk

)(
zk − 1

N

∑

k∈s

wkzk

)

of the covariance Cov(y, z) can be defined under the following

conditions:

a) the weights wk satisfy some calibration equation;

b) the distance between the design weights dk and calibrated

weights wk is minimal under the some loss function L.
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Calibration equations

Nonlinear

1

N − 1

∑

k∈s

wk

(
ak − 1

N

∑

k∈s

wkak

)(
bk − 1

N

∑

k∈s

wkbk

)
= Cov(a, b); (1)

Linear
1

N − 1

∑

k∈s

wk

(
ak − µa

)(
bk − µb

)
= Cov(a, b); (2)

Here

µa =
1

N

N∑

k=1

ak, µb =
1

N

N∑

k=1

bk.
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It should be noted that in the case of the calibration equation

(1) the explicit solution of the minimization problem does not

exist even in the case of loss function L1 The iterative equations

can be used to find the calibrated weights.

The case when calibration equation (2) is used can be called

linear calibration, because here we are calibrating the total of

the variable (a − µa)(b − µb).
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Another possible calibrated estimator

Ĉovw(y, z) =
1

N − 1

∑

k∈s

w
(a,b)
k

(
yk − 1

N

∑

k∈s

w
(a)
k yk

)(
zk − 1

N

∑

k∈s

w
(b)
k zk

)

Calibration equation

1)
∑

k∈s

w
(a)
k ak = ta,

∑

k∈s

w
(b)
k bk = tb

1

N − 1

∑

k∈s

w
(a,b)
k

(
ak − µa

)(
bk − µb

)
= Cov(a, b);

2)
∑

k∈s

w
(tot)
k ak = ta,

∑

k∈s

w
(tot)
k bk = tb
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Loss function

L = α1

∑

k∈s

(w
(a)
k − dk)

2

dk qk
+α2

∑

k∈s

(w
(2)
k − dk)

2

dk qk
+α3

∑

k∈s

(w
(a,b)
k − dk)

2

dk qk
,

α1 + α2 + α3 = 1

L′ = α
∑

k∈s

(w
(tot)
k − dk)

2

dk qk
+ (1 − α)

∑

k∈s

(w
(a,b)
k − dk)

2

dk qk
,
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Estimation of functions of totals.

q variables y(1), . . . , y(q).

t
(1)
y =

N∑

k=1

y
(1)
k , . . . , t

(q)
y =

N∑

k=1

y
(q)
k

θ = f(t
(1)
y , . . . , t

(q)
y ) – parameter we are interested.

Simplest procedure:

θ̂ = f(t̂
(1)
y , . . . , t̂

(q)
y ) – estimator of θ (no auxiliaries).
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Suppose there are auxiliaries a(1), . . . , a(q) assigned to the vari-

ables y(1), . . . , y(q). Calibrated estimators t̂
(1)
wy , . . . , t̂

(q)
wy of t

(1)
y , . . . , t

(q)
y ,

and

θ̂w = f(t̂
(1)
wy , . . . , t̂

(q)
wy ) – calibrated estimator of θ

1. Use the same weights (the same collection of auxiliary vari-

ables) for all totals:

t̂
(1)
wy =

∑

k∈s

wk y
(1)
k , . . . , t̂

(q)
wy =

∑

k∈s

wky
(q)
k

2. Use different weights (different collections of auxiliary vari-

ables)

t̂
(1)
wy =

∑

k∈s

w
(1)
k y

(1)
k , . . . , t̂

(q)
wy =

∑

k∈s

w
(q)
k y

(q)
k
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Denote

t̂
(j)
wa =

∑

k∈s

w
(j)
k a

(j)
k , j = 1, . . . , q.

The calibrated weights w
(j)
k can be defined by the conditions

a) for some (it may be vector valued) functions g1 and g2

g1(̂t
(1)
wa , . . . , t̂

(q)
wa) = g2(t

(1)
a , . . . , t

(q)
a )

e.g.

∑
k∈s w

(1)
k ak

∑
k∈s w

(2)
k bk

=

∑N
k=1 ak∑N
k=1 bk

b) the weight systems w
(j)
k are as close as possible to the

design weights dk according to some loss function L.

The calibrated estimator of θ = f(t
(1)
y , . . . , t

(q)
y ) be θ̂ = f(t̂

(1)
wy , . . . , t̂

(q)
wy ).
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We can take the loss function

L =
q∑

j=1

αj

∑

k∈s

(w
(j)
k − dk)

2

dkqk

with αj ≥ 0 and
∑q

j=1 αj = 1. The loss function is minimized also

by αj, j = 1, . . . , q. Of course, the existence of the solution of

such calibration problem is under the question. The simulation

examples of calibration of covariance show that for properly cho-

sen iterative equations and loss functions the calibrated weights

exist for almost all samples.
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Thank you for attention!
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