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An example: Education and election turnout data

Turnout
Education No Yes Total
Low (0,0.104=182/1743)  (885) 1039
High (28) (676) 704
Total 182 1551 1743

Y2

Y1 0 1 Proportion
0 0. i
1 1-p
Proportion q 1-g
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Proxy data fusion (PDF) given { (Z1, Y1), (Z1, Y2) }

Proxy conditinoal independence assumption (CIA): A7 = A"A]
Target joint distribution: 6,

2 h h
‘9ij = /74 ¢hﬂ“j

Surrogate joint distribution by proxy ClA-based PDF:

s ST s

~

¢H1 ¢HJ

(6.(Y,) 0,(Y,))

Minimum data requirement:

Structure preserving estimation (SPREE):

1Y (4,Y5) }

Y1Yp

— LY,
= ahj

¢11 ¢1J ¢1(Zl) éll él.] ‘91(Y1)
T «— : = |IPF/Raking = R «— :

¢H (Zl) 9H1

(6.(Y)

Oy, 6, (Y)
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Distribution calibration (DC) and Proxy DC

- o . He Example: Z = (31,28,4)" and Y = (30,30,40)"
A ¢k2) 31 0 0 30 1 0
" A ™ " fO:[O 28 o] N ﬁ[o 28 o}
0 0 41 0 1 40
(B0 -~ 8,(V)) :
" ¢ ” Lagrangian L=A+A'(Af —b)
fl.H ¢ E(Z) A :%(f _fo)T (f —15)
f=| | &b-= ;(Y) —~ Af=b > _
1 ; f, =f(Diag{ ¢,(Z);h=1,...,H})
bl = f=f,+AT(AAT) (b Af,)

Surrogate joint distribution by Proxy DC: 8, =&"¢,4"  for &"byDC Z, -,

Minimum datarequirement:  { Y,, (Z,,Y,)}
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Table 1: Proxy data fusion for target (Y1,Ys) given proxy (Z1.Zs).
Minimum Data | Assumptions for PDF

{(Z1,Y1.25), CIA: MIF = Ak \RE

(Z1,Y2, Z2)} | CIA: X2k = Xhak

. nYe . 71Ys YiYeZa _ Z1YaZa
SPREE: a0y = ®hjky k) = X(hsk)

1Y _ WNiZs ZWYiYa _ ZiNZp
SPREE: Apii) = Qhiky Uhi) - = Qhik)

7. Y12y ZyZs YiYo Z1Yo Y1YoZo  Z1YaZs
{Y1,(Z1,Y2,Z2)} | SPREE: ik = Yniky sk = Ahiky Xk - = Xhjk)

- a2%e — oYoZa YiZa _ Z1Za WYa _ Z1Ya YiYaZy _ Z1YaZo
SPREE: a4 = @iy sk = Cniky k) = Ynsky Yy -~ hiy

. \hi hj\hj . JYiYe Z1Ya
CIA: My =AY\ and SPREE: o/1Y? = ofi}

7 . ~21Ye _ Z1Z9 YiYo _ _YiZa ZiNYa _ _Z1\WY1Za
{(Z1,Y1,Z22),Ya} | SPREE: A(hii) = Xhik) Xnij) = QUnik): Xhis) = = Yhik)

AW 2w 2o Z4Za WYa _ Y1Zo _Z\V1Ye _ Z1Y1Zo
SPREE: o35 = ®hitys Uhiz)y = Unik)» Xnis) = Uniky Xhis) = hik)

CIA: ik = \ik ik

{Y1,(Zy,25),Ys} | SPREE: a}}j‘)'ﬂ = a(/h',(,

< Separate Proxy DC: from {¢n} to {¢i} and from {¢i} to {¢;}
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Integration of statistical data by Proxy Data Fusion
X

X: )\
- Census/register
sMm< |- Common, known

Y:

- Sample

- Selective/partial,
target, expansive

A

PV Y X7 <= TG Y0 i) ?
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Integration of statistical data by Proxy Data Fusion

X:
- Census/register
- Common, known

Y:

- Sample

- Selective/partial,
target, expansive

Z:

- Census/register
- Common, proxy,
cheap

>PDF

ZK

A

f(x,z)=ft(xy), fork=12.K
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Integration of statistical data by Proxy Data Fusion

X:
- Census/register
- Common, known

Y:

- Sample

- Selective/partial,
target, expansive

Z:

- Census/register
- Common,
surrogate, cheap

yARK

- Micro calibration
- Valid (Zhang,
2012), complete

>PDF

X Z, ~ 7, Ze = 7,

f(x,2)=1(xy,), fork=12.K
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Uncertainty analysis:
Relative efficiency of proxy data

A= U.-‘ijAz'j where Aij = Uij o Lij (7)

and w" is a (non-negative) weight function that sums to unity, i.e. w1, ; =1, such as w7 = ¢;¢;.

hk hk hk
Aij = Ui — Ly
where
hk hk __ 1hk hk _ pY1Ya|Z1Zo hk _ - hk \ hk
Let Ez, 7z, denote expectation over the distribution of (71, Z2). We have

- def def ~
Lij = L¥¢p = Ez,2,(L") < 05 = Ez,2,(\') < Ez,2,(UFF) = Utk gy, = Uy

Meanwhile, ¢; = Ez, zr_,()\?k) and ¢; = Ez, zg()\?'k ). It follows from the Jensen’s inequality that

Lij < Zij and Uij . 0ij = Aij — Uij = I_lij < Aij

The uncertainty at #;; can thus be reduced in the presence of proxy data. So is the overall
uncertainty, i.e. A = w7A;; < wA;; = A. A general measure of the relative efficiency of the

extra information due to the proxy data may be given as

Y(Z1, Zoyw) = A(w)/A(w) = (w7 Ay)/(w Ai;)  where w” = ¢;¢; (8)
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Uncertainty analysis:

Uncertainty upper bound of (proxy) data fusion

Take the setting {(Z1, Y1, Z2),(Z1,Ys, Z2)}. PDF necessarily stipulates a particular value 5\5’}
between Lh"‘ and U} hk  such as /\M‘ o )\h" under the proxy CIA (3). Its mazimum difference to
the true but umdentlﬁable /\M‘ is given by

A = max(Alf — L, UMK — AIF) = ALY /2 + €2F > Al /2

where £ J = |/\ Ty 5| and ,u, = (Lh" + U h")/? This gives us a point-wise uncertainty

1

upper bound for )\h" It has a minimum value A? / 2, regardless of the choice of PDF. Next, an
uncertainty bound of the corresponding 6; J(/\) )\M‘@M can be given as

Rij = Nijonk = Dij/2 + &5 2 Byj /2

for &;; = eg-k dhk. and an overall uncertainty bound of PDF as

()

A=w9Aj=A/2+c>A/2 where w’ =¢i¢; and &=w"gy

It is now possible to define the minimum uncertainty bound (MUB) PDF as 6,;(n), where

{nif} =arg min e(Aw) and &(Xw) = welf(Nne = w N — plif|bme

{Ahk} 0

10
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The binary case

Table 2: Uncertainty analysis of binary data fusion. Notations: (L, U) for lower and upper bounds
of cell probability, 8 = 0(¢) for stipulated cell probability and A for its uncertainty upper bound.
Conditions: #; < 6; and 0; +6; < 1.
Cell L U U—-L 6 6—L|U-@ A
(¢,7) 0 0; 0; § £ |0:i—&|0:/2+]|6—6:i/2|
(¢,5°) 0 0 0; b — ¢ 0;—&| & |6i/2+|6—6i/2
) 0; — 0 0; 0; 0; — ¢ 6; —¢| & | 6:i/2+€—6:/2
(,5°) [1-(0:+6;) | 1-6; | 6 |[£+1—-(6:+0;)| & |6:—&]|6:i/2+]£—6:/2
A = min(0;, O;c, E)j, Bjc) =0; ABic N 93' N Qjc (9)

The same simplification of analysis applies to the setting {(Z1,Y1, 22), (Z1,Y2, Z2)}. We have

ARk — A?f _ U{‘jk _ szc = A0 A ,\S.‘k A /\;‘f‘ and A= AMgy, (11)

where A"F is the same for all (i, j). and A does not depend on the weight function w%.

11
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Conditions for absolute reduction of uncertainty space

TS

< Relative efficiency <1

Table 3: Uncertainty analysis of binary PDF given {(Z1.Y7).(Z1.Y3)}.

P(Y1|Zy) Z P(Y3|Zy) A

Yi Low High Y5 High

Low ! 1—a Yes i By

High 1—a ! No 1-5; 1-—pPgy
Conditions A" A7 RE (v)
l—a<a<fr <Py 1— 73 1— 3y 1
l—a<fBr <a<pfy 11—« 1— 5y Ll |
Br<l—a<a<fy Br. 1— 5y <1
Br<l—a< Py <a Br 1 —a il |
Br<Pp<l—a<a Br. By 1

Two conditions are sufficient and necessary for v < 1, or absolute reduction of uncertainty:

AL < a

and l—a<pfBy

(12)
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of

A=

182
1743

—— « 182

RE

I
=

A oc (127 + 24)

=151

RE

0.83

A oc (53+16)

=069

RE

0.38

Aoc(15+14+6+2)

=3/

0.20

Table 4: Education and election turnout data.
Y5 Zy
Y1 /N{ Yes Z) No Yes
Low 154) (885) 1039 | Low 210 920 1130
High 28] (676) 704 | High 44 569 613
182 1551 254 1489
Z1 = Low Z1 = High
Ys Y,
Y] No  Yes Y; No  Yes _—
Low (149) (854) 1003 | Low (5) (31) 36
High (9) (118) 127 | High (19) (558) 577
158 972 24 589
Za = No Za = Yes
Ys Y,
Y, No Yes Y, No Yes
Low (140) (61) 201 | Low (14) (824) 838
High (26) (27) 53 | High (2) (649) 651
166 |8 16 1473
(Z,,Z5) = (Low, No) (Z,,Z,) = (Low, Yes)
Ya Ya
Yi No Yes Yi No Yes —_ >
Low (136) (59) 195 | Low (13) (795) 808
High (8) (7) 15 | High (1) (111) 112
144 66 14 906
(Z1,Z32) = (High, No) (Z1,Z2) = (High, Yes)
Ys Yo
YT -~ No Yes Y) No  Yes
Low (4) (2) 6 | Low (1) (29) 30
High (18) (20) 38 | High (1) (538) 539
22 22 2 567

Table 5

: Estimated lower and upper bounds for education and election turnout.

Without (Z;, Zs)

With Z,

With Z,

With (Z;, Zs)

P[(Y1,Ya) = (Low, No)|

(0, 0.104)

(0.018, 0.104)

(0.065, 0.105)

(0.074, 0.095)

Estimates: True 0.0884 Proxy-CIA 0.0852

MUB 0.0845
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